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I. INTRODUCTION 
In a series of papers of the same title [3], some applications have been 
given of the theory of blocks of characters of finite groups. This work will 
be continued here and in a subsequent paper. 
In Section II, the notation is explained. Some presupposed results are 
stated, and a number of lemmas are proved. In Section III, the kernel of 
a block is studied. This extends results proved in [31] for the principal block. 
Again, Section IV deals with extensions of Theorem 3 of [31]. We are 
concerned with certain types of blocks of full defect. Methods of this type 
play an important role in the investigation of finite groups with quasi- 
dihedral and wreathed Sylow 2-subgroup, cf. [I]. In particular, they will be 
needed in a continuation of [I], in order to develop the necessary character 
theory for the latter type of groups. 
It had already been shown in [31], that for a given prime p and a given 
defect d, the p-blocks of defect d of arbitrary finite groups fall into a finite 
number of ‘Yypes.” This investigation is covered in a more precise form and 
continued in Section V. In a way, the results provide a justification for a 
further study of blocks. There are cases in which a full discussion of the 
possible types can be given. We deal here with the case p = 2, d = 2 in 
Section VII and use the results to obtain a formula for the order of G. This 
formula is needed in [l]. There are other cases in which a full discussion of 
the blocks can be given. This will be done elsewhere. The preceding 
Section VI contains some results on blocks which are needed in Section VII. 
We can also improve results of [411] on the height of the characters in blocks 
with abelian defect groups. Finally, Section VIII contains some rather simple 
results on contragredient blocks. These too are needed in [I]. 
* This paper was written while the author was a Visiting Professor at the University 
of Chicago. 
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II. NOTATION, PRESUPPOSED RESULTS, LEMMAS 
1. In the following, G will always be a finite group, p will be a fixed 
prime number dividing 1 G 1 = g and v will be an extension of the p-adic 
exponential valuation of the rational field Q to the algebraic closure Q. In 
general, we use the same notation as in [3I].l The abbreviation SD-group 
will stand for Sylow p-subgroup. 
Blocks will always be p-blocks. We denote the set of all such blocks by 
9%(G). By a character x of G, we always mean the character of a complex 
representation of X of G. The kernel of X is also called the kernel of x. An 
element o E G belongs to this kernel, if and only if x(o) = x(l), or as we 
shall say, if x is trivial for cr. 
A block B then is a set of irreducible characters x of G. The number of 
these characters is denoted by k(B). Th ere is also associated with B a set of 
modular irreducible characters q~ of G (for the primep). These are the modular 
irreducible constituents of the characters x E B. The number of these modular 
characters q~ is denoted by l(B). If M, is the Z-module spanned by these q~, 
any Z-basis W is called a basic set for B, [31, Section V]. Here, Z is the ring 
of ordinary integers. 
If H is a subgroup of G and 4 a character of H, then for u E G, a character 
p of H” is defined by the formula 
[41, Section 2, 81. An analogous definition can be given for modular characters. 
The mapping $ -+ I+@ maps blocks b of H onto blocks b” of Ho. Then b and b0 
will be termed conjugate blocks. 
2. We recall that each B E 5%!(G) determines a class of conjugate 
p-subgroups D of G, the defect groups of B. If 1 D 1 = pa, d is the defect of B. 
Each normal p-subgroup of G is always included in D. If H is a subgroup 
of G, if b E g/(H) has the defect group D, , and if 
C&t,) C H (2-l) 
there is defined a block bo = B of G; [211, Sec. 21. By definition of D, , we 
have D, C H. Suitable defect groups D of B contain D,, . If L 2 H is a sub- 
group of G, we have (bL)G = bG. If 01 E G, then bm E at(Ha). If M 2 H” is 
1 For typographical reasons we shall use Roman C and N instead of the corre- 
sponding German letters to denote centralizers and normalizers respectively. The 
subscript G will often be deleted in this context. 
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a subgroup of G, we write b olM for (ba)M E 9%(M). The inner automorphism 
belonging to an element B E G maps ba -+ has, M + MB and we find 
(buM)B = &6MB~ (2.2) 
For H c M and p E M, we have (b”‘)” = bM and taking 01 = 1, we find 
bflM = bM. 
If B is a fixed block of G, we denote by S%(H, B) the set of blocks b E L?%(H) 
which satisfy the condition (2.1) and for which bG = H. 
3. By a subsection s of G, we mean a pair s = (‘IT, b) consisting of a 
p-element 7~ of G and a block b E g’G(C(n)); [411, 11. The condition (2.1) 
then is satisfied for HE C(x). If bG = B, we say that the subsection is 
associated with B. For o E G, we set 
(n-, b)” = (vu, bO) 
and speak of conjugate subsections. Both are associated with the same block 
of G. In [4II], conjugate subsections were identified, but we shall not do 
this here. 
Let r be a fixed p-element of G and let B be a fixed block of G. Suppose 
that, for each b E g’e(C(~), B), a basic set W(b) for b has been chosen. If p 
is a p-regular element of C,(r), then for x E B, we write the formulas 
[31, (5.3)] in the form 
XbP’p) = ; ; d(*Yx, 94 v-J(P) (2.3) 
where b ranges over 9Z(C(n), B) and, for each b, g, ranges over W(B). The 
decomposition nulabers dc*)(x, ‘p) do not depend on p. They depend on the 
choice of W(b), but it will not be necessary to express this explicitly in our 
notation. Similar remarks apply to the Cartan invariants [31, (5.2)] which we 
here denote by c(~)(v~ , &; (v. , qO E W(b)). If r has order pa, then d(“)(x, ‘p) 
is an algebraic integer in the field of the p”-th roots of unity over Q while 
CY% , To) E 2. 
If n = 1, the only subsection associated with B is (1, B). We speak here 
of the p-regular decomposition numbers d(x, 9’) of B. 
4. For convenient reference, we state some known results in the form 
of propositions. 
PROPOSITION (2A). If B E S%!(G) has the defect group D, there exist blocks 
b E SYL’(DC(D), B). All these 6 form a family of blocks of DC(D) which are 
conjugate in N(D). Each b has the defect group D. 
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This can be seen from the results of [21], in particular from (10B) and 
(12A). Compare also [211, (2A)]. It may be more convenient to apply 
[41, (5C)] with H = DC(D). 
PROPOSITION (2B). Let D be a p-subgroup of G and let b E &%‘(DC(D)) 
have the defect group D. (i) The block bG has the defect group D, ;f and only if 
the inertial group 
T(b) = {u E N(D) / b0 = b) 
of b in N(D) satis$es the condition 1 T(b) : DC(D)1 + 0 (modp). (ii) The 
block b contains a unique character 0 which is trivial on D and which considered 
as character of 
DC(D)/0 E C(D)/Z(D) 
has defect 0. 
For the proof, see [211, Sec. 21 or [41, Sec. 51. The character 0 is called 
the canonical character of 6, [41, 2.61. 
If H (1 G, we say that a block B of G covers a block b of H, if there exist 
characters x E B and # E b such that # is a constituent of x / H. 
The next two results are shown in [41, (4A), (4D)]. 
PROPOSITION (2C). If H <i G, if B E .M(G), then the blocks b of H covered 
by B form a family of blocks of H conjugate in G. If x E B, then x 1 H has a 
constituent 4 in each b E 5%(H) covered by B. If 4 E b and if b E gt(H) is 
covered by B, there exist x E B such that $ is a constituent of x / H. 
PROPOSITION (2D). If H u G, ifb E g&‘(H) and if bc is defined, bG covers b. 
5. We prove some additional lemmas. 
LEMMA (2E). Suppose that H 4 G and that B E A%(G) covers b E 5%!(H). 
If B has the defect group D and if b has the defect group D, , then 1 D 111 D, I 
divides I G : H I. 
Proof. Choose x E B of height 0, [41, Section 2, 41. By (2C), there exist 
character # E b which occur as constituents of x / H. Clifford’s theorem 
shows that #(l) divides x(l). Thus, v(x(1)) > v(#(l)). Since 
4x(l)) = 4 G I) - 4 D I)> 4,W)) 2 4 H I) - 4 Do I), 
and since D and D, are p-groups, the result is evident. 
THE THEORY OF BLOCKS 493 
LEMMA (2F). If H 4 G, ;f B E ?ZM(G) has a defect group D such that 
DC(D) C H, the defect group of each block b of H with bc = B is conjugate to 
D in G. 
Proof. By (2A), there exists block 6, of DC(D) with bOG = B and b, has 
the defect group D. Also, bOH is defined and we have 
(bOH)G = b,,G = B = bG. 
Now (2D) shows that B covers both blocks b,,u and b of H. On account of 
CW, boH and b are conjugate in G and then their defect groups are conjugate 
in G. Since 6, and b,G have the defect group D, so has b,,H. It follows that b 
has a defect group conjugate to D in G. 
LEMMA (2G). Let B E B&(G) have the defect group D and let b be a block 
of DC(D) with bG = B. Assume that D is an S,-group of DC(D) and that 
bn = b for all x E N(D) of order p over DC(D). Then D is an S,-group of G. 
Proof. If this was not so, there would exist elements rr E N,(D) of order p 
over D. Since D is an S,-group of DC(D), then n has order p over DC(D) 
and, by assumption, bli = b, i.e., n E T(b). Hence p divides / T(b) : DC(D)l. 
Now (2B) shows that B does not have the defect group D, a contradiction. 
6. The following remarks will be used in Section V. 
Let D of order pa be a fixed p-subgroup of G, let 7r be an element of D 
and set C = C(a). Let L, , L, ,..., L, denote the p-regular classes of C. 
Suppose we have the following information: 
(i) We know the values j L, /, i = 1, 2 ,..., n. 
(ii) We know to which conjugate class K of G each Li belongs 
(i = 1, 2,..., n). Denote this class by Lj”. 
(iii) We know for which i = 1, 2,..., II, the class LiG has defect less 
than d and for which i, the class LiG has the defect group D. 
(iv) For each b E 91(C) of defect at most d, we know the values of 
an irreducible character I,!I E b for the classes Li , 1 < i < n. 
PROPOSITION (2H). Let D of order p” be a subgroup of G and let v E D, 
C = C(V). Suppose we have the information (i), (ii), (iii), (iv) above. We can 
then determine the number of blocks B of G with the defect group D. More 
precisely, if we set 
44 = I G : CW x(4/x(l) 
for some x E B and if p is the local prime ideal belonging to v in the $eld of 
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1 G I-th roots of unity over Q, we can Jirzd the value of wB (mod p) for each 
p-regular conjugate class K of G. 
Proof. Since r E D, there exist blocks b of C = C(r) with bG = B, 
cf. [411, (3A)] for each B E L%‘(G) with the defect group D. Here 6 can have 
at most defect d. If wb has the analogous meaning for b as ws has for B, 
we have 
%b) = c %h) (mod P) (2.4) 
when a, ranges over a system of representatives for the conjugacy classes L 
of C contained in the conjugacy class K of u in G. In particular, forp-regular o, 
each L is one of the classes L, with i = 1, 2,..., n. Unless K is one of the 
classes LiG, the sum in (2.4) is empty and us(u) = 0 (mod p). If K = LiG 
for some i = 1, 2,..., n, we know which of the classes L, lie in K, cf. (ii). 
Since we can find wb for these classes L, using the character Q!J, (cf. (iv)), we 
can determine ws (mod p) for all p-regular classes K of G. Actually, B has 
defect group D only if there exists a p-regular class K, of G such that K,, 
has defect group D and for which as + 0 (mod p) for 0 E K, while for 
all p-regular classes K of defect less than d, we have wg(u) = 0 (mod p) for 
(T E K. Using (iii), this can be checked. Moreover, if B, is a second block 
of G with the defect group D, we have B = B, , if and only if us(u) 3 wBI(u) 
(mod p) for all p-regular classes belonging to classes K of G of defect d, 
[21, (6F)]. Now (2H) is evident. 
III. THE KERNEL OF A BLOCK 
If B is a p-block of G, we define the kernel Ns of B as the intersection of 
the kernels of the irreducible representations in B. 
PROPOSITION (3A). The kernel NB of the p-block B is contained in the 
p-reguZar core K,(G) (=0,,(G)) of G. 
Proof. If m is ap-element of N, , then X(T) = x(1) for all x E B and hence 
;x(l)xbd = cx(l)’ f 0, (xEB). 
x 
Now the orthogonality relations for blocks [211, (7C)] imply that n = 1. 
Thus, 1 NB / f 0 (modp) and as N, Q G, we have Ns C K,(G). 
If X, is the representation of G with the character x, we denote the kernel 
of X, by N, . We also speak of the kernel N, of x. 
PROPOSITION (3B). If the character x belongs to the block B, then 
N, = N, n K,(G). 
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Proof. Set H = N, n K,(G). By (3A), NB C H. Since Xx is trivial on H, 
each modular irreducible constituent F of Xx is trivial on H. Suppose that 
for some irreducible character 4 E B, the representation X, also has the 
modular constituent F. By Clifford’s theorem, we can set 
X,iH= @cY, (3.1) 
z 
where the Y, are irreducible representations of H which are conjugate in H. 
Some Yi must have a modular irreducible constituent in common with F / H, 
i.e., some Yi contains the modular principal representation of H. As H is 
p-regular, there is no distinction between ordinary and modular irreducible 
representations of H. It follows that Yi is the principal representation 1, 
of H and Yi is conjugate only to itself in G. Now (3.1) shows that X, / H is a 
multiple of 11, . Hence AS, > H. By reasons of symmetry, N, > N4 n K,(G) 
and hence 
H = N, n K,(G) = N4 n K,(G). 
If x and # are any two characters of B, we can find a sequence 
(3.2) 
51 = x, 5, ,*..> 5, = * (3.3) 
of characters of B such that each two consecutive members have a modular 
constituent in common. It is now clear that (3.2) holds for x and #. Now (3B) 
is evident. 
We can formulate (3B) in the following form 
PROPOSITION (3B*). If x E B, we have 
N, = &Wx). 
Indeed, K,(N.J is characteristic in N, and hence normal in G. Hence 
K,(N,) C K,(G) and, by (3B), K,(N,) !L N, . The reverse inequality is 
obvious as Ns is p-regular and contained in N, . 
COROLLARY (3C). Zf B is the principal p-block of G, then N, = K,(G). 
(Theorem 1 of [31]). 
This is seen by taking x = 1 in (3B). 
We can also give a result analogous to (3A) for modular representations, 
PROPOSITION (3D). Zf B is a bbck, the intersection of the kernels NF of 
the modular irreducible representations F in B is the subgroup N,* D Ne -for 
which 
NB:,*/NB = O,(G/N,). 
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Proof. Let M denote the intersection of the NF . Since every F occurs as 
modular constituent in some ordinary irreducible representation in B, we 
have M I Na . This implies that F can be interpreted as a modular irreducible 
representation of G/N, . It follows that NF > Ns* (cf. 21, (9D)]. Thus, 
M3 NB*. 
On the other hand, if u is ap-regular element of M, all modular irreducible 
characters of B are trivial for u and this implies that all ordinary irreducible 
characters of B are trivial for o. Thus, (T E NB , i.e., M/N, is a p-group. 
Hence M C Na* and we have equality. 
For the principal p-block B, this yields MB* = O,*,(G), cf. [31, 
Theorem 21. 
We add some fairly obvious remarks. 
PROPOSITION (3E). If x is an irreducible character in the block B and if B 
has the defect group D, then every p-element 7~ in N, is conjugate to an element 
of D. 
Indeed, if VT was not conjugate to an element of D, we would have x(m) = 0, 
[211, (7A)] and not X(V) = x(1). 
PROPOSITION (3F). Let N be a normal subgroup of G and let B denote a 
p-block of G/N. Interpret each character in i? as character of G which is trivial 
on N. Then B is a subset of a p-block B of G. We have B = B, if and only if N 
has order prime to p. 
Proof. If x and 4 are characters of i?, we can connect them by a chain 
(3.3) of characters of B in which any two consecutive characters have a 
modular constituent in common. It follows that if the characters are inter- 
preted as characters of G, they belong to the same p-block B of G. 
If B = B, then Ns is the reciprocal image in G of the kernel ND of B in 
G/N. Since then N, 2 N, it follows from (2A), that N has order prime to p. 
Conversely, assume that N has order prime to p and that B r) B. Then 
there exist characters x in B such that x # B but that x has a modular consti- 
tuent in common with a character # E B. Since N _C N* , by (3B*) N _C Ns . 
Then x can be interpreted as a character of G/N and since x has a modular 
constituent in common with # E B, x belongs to B, a contradiction. 
IV. THE SET 5%‘(H, B) 
DEFINITION 1. Let B be a p-block of G and let H be a subgroup of G. 
Then S%!(H, B) denotes the set of blocks b of H which satisfy the following 
two conditions: 
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(i) If D, is the defect group of 6, then C,(Q) _C H. 
(ii) bc = B. 
Clearly, the first condition does not depend on the choice of D, . It is a 
consequence of (i) that bc is defined [211, (2E)]. 
A general method for studying SW(H, B) has been given in [41, 61. It is 
best for our purpose to apply a special form which we shall describe now. 
DEFINITION 2. Assume that D, and D, are two p-subgroups of G with 
D, C D, and / D2 : D, 1 = p. Assume further that, for i = 1, 2, bi is ap-block 
of D$(DJ with the defect group Di . We say that the pairs (Dl , b,) and 
(D, , b,) are linked if for M = D,C(D,), we have 
Since D, normalizes D, and C(D,), here M is a subgroup of G. We have 
PROPOSITION (4A). Let 6 be a block of the subgroup H of G and assume 
that the defect group D, of b satisfies the condition C,(D,) C H. If B is a block 
qf G, we have b E 98&H, B), if and only if there exists a chain 
(4 , b), CD, 7 h),..., Pm 9 &A 
with m >, I such that the following conditions are satis$ed: 
(i) bi E .W(D&‘(Di)), and b, has the defect group Di . 
(ii) Any two consecutive members of (4.1) are linked. 
(iii) D, = D, and blH = b. 
(iv) D,, is a defect group of B and bmG = B. 
Proof.2 The sufficiency of the conditions is clear since they imply that 
bc xrz b,C = ,&C xz . . = b,G = B. 
Conversely, assume that b E 5@X(Ii, B). If D, = D, is the defect group of b, 
we have D,C(D,) C H and, by (2A), th ere exists a block b, of D,C(D,) with 
blH = b. The defect group of b, is D, . 
If b,’ # 6, for all 6 E N(D,) of order p over D,C(D,), then biC = B has 
defect group D, (cf. (2B)). Our conditions are satisfied with m = 1. 
2 We give the proof here, since the proof in [4] can be simplified in out special case. 
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Suppose then that there exist elements 5 E N(D,) of order p over D,C(D,) 
for which b,’ = b, . Set L = (DIC(D,), [). We have 
W(4) Q L, I L : D,C(D,)I = p. 
Moreover, brL has a defect group D, 3 D, with 1 D, : D, 1 = p, cf. (2B), 
(2E). By (2A), there exists a block b, of D,C(D,) 
b,L = 6 L 1 n 
Set 1M = D,C(D,). Then 
D,C(D,) C M c L 
and hence M = D,C(D,) or M = L. In the former case, we can apply 
Lemma (2F) with G replaced by L, B by bsL and H by D,C(D,). It follows 
that the defect groups D, of b, and D, of b, are conjugate, a contradiction. 
Hence 1M = L. It is now clear that the pairs (Dl , b,) and (D, , b,) are linked. 
We may assume that (4A) is true in all cases where b is replaced by a block 
of larger defect than b. Then (4A) holds for the block b, of the subgroup 
D,C(DJ. Since 6sG = brG = bG, it is now clear that (4A) holds for b. 
We have to develop criteria which allow us to decide whether or not two 
pairs (Dl , b,) and (D, , b,) are linked. We first note: 
PROPOSITION (4B). If the pairs (Dl , b,) and (D, , b,) are linked, then b, 
is stable in M = D,C(D,), and D, is a defect group of blM = bzM. We have 
D, A C(D,) _C D, and I M : D,C(DJ = p. For given D, and D, , the block 
b, determines b, uniquely while b, determines b, up to conjugacy in N,(D,). 
Proof. It is clear that blM = bzM has defect groups containing D, 3 D, . 
Then (2B) implies that b, is stable in M. By (2D), blM covers b, and now (2E) 
shows that D, is a defect group of blM. 
If there exist elements o of D, which lie in C(D,) but not in D, we have 
and hence M = D,C(D,). But then blM = 6, has the defect group D, , 
a contradiction. Thus, D, n C(D,) C D, . Then D, cannot belong to D,C(D,) 
and we must have I M : D,C(D,)l = p. 
If b, is given, the block bzM = blM is determined and as b, is stable in M, 
b, is the unique block of D,C(D,) covered by blM, cf. (2D). If b, is given, 
blM = baM is determined and since it has defect group D, , (2A) shows that 
b, is determined up to conjugacy in N,(D,). 
The following is the decisive criterion: 
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PROPOSITION (4C). Assume that D, and D, are two p-subgroups of G such 
thatD,CD,, ~D,:D,~=p,andD,nC(D,)CD,.Fori=1,2,1etbibe 
a block of DJ(DJ with the defect group Di and let Bi be the canonical character 
of bi , considered as character of C(Di) w zc is trivial on Z(DJ. The pairs h’ h 
(Dl , b,) and (D, , b,) are linked, if and only if bIO = O1 for u E D, and OI / C(D,) 
contains 19~ with a multiplicity not divisible by p. 
For the proof, we refer to [41, (6D)]. Th ere are a few obvious simplifications 
in our present case 1 D, : D, 1 = p. An alternate proof of (4C) is given in [8]. 
We shall discuss some kind of blocks B of full defect for which the structure 
of the set &V(H, B) is simpler than in the general case. Our aim is to obtain 
a generalization of Theorem 3 of [31]. 
PROPOSITION (4D). Suppose that, for every p-subgroup Q # 1 of G, we 
have an irreducible character lclo of C(Q) which is trivial on Z(Q) such that the 
following conditions are satisfied: 
(i) If Q1 3 Q is a subgroup of G with 1 Q1 : Q / = p, then #o, occurs 
with a multiplicity not divisible by p in $o / C(QJ. 
(ii) If QO = Q with (T E G, then 
Let b, denote the block of QC(Q) w zc contains +o (considered as character h’ h 
of QC(Q) which is trivial on Q). Let P be an SD-group of G and set B = bpG. 
Jf H is a subgroup qf G with the SW-group R, then if Co(R) c H, the set %(H,B) 
consists only of (b# while for Co(R) g H, 9?e(H, B) is empty. 
Proof. 1) Since #P is the canonical character of b, , condition (ii) for 
Q = P implies that B = (bp)o does not depend on the choice of the Sylow 
group P. Also, since for u E N(P), we have b,O = b, , the set g!e(P, B) 
consists only of b, . The group P is a defect group of B. 
2) Consider two linked pairs (D r , b,) and (D, , b,) and set M = D,C(D,). 
Suppose first that D, is an S,-group of D,C(D,) and that b, = bDZ. It 
follows from (4B) that bIM = bzM has the defect group D, . Note that 
D, n C(D,) _C D, and that D, # 1. 
The assumption (ii) with Q = D, implies that 6, is stable in No(D,). It 
follows from (2G) that D, is an S,-group of M. Since 1 M : D,C(D,)l = p 
and / D, : D, 1 = p, D, is an SD-group of D,C(D,). Since D, Q D,C(D,), 
the defect group of b, contains D, and then is necessarily equal to D, . The 
hypothesis (ii) implies that boI is stable in M D D,C(D,). The assumption (i) 
with Qi = D, , Q = D, shows that (4C) applies to (Dl , b,J and (D, , b,*). 
Hence these pairs are linked. Since (DI , b,) and (D, , b,) are linked and 
481/v/4-4 
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b, = b2 , now (4B) shows that b, = 6, 
conditions as (Da , b,). 
1 . Thus, (Di , bDl) satisfies the same 
Conversely, assume that in the linked pair (Di , 6,) and (Da , b,), the group 
D, is an SD-group of D,C(D,) and that b, = 6, . It follows from (4B) that 
b, is stable in M. Since / M : D,C(D,)I = 1 D, f D, / = p, the group D, is 
an SD-group of M and of D,C(D,). It is now clear that D, is a defect group 
of bD, . Then (4C) in conjunction with the hypothesis (i) shows that the pairs 
(Dl , bD,) and (D, , bDl) are linked. Since (Dl , b,,) and (D, , b,) are linked, 
bDa and 6, are conjugate in N,(D,), cf. (4B), say b, = b% with o E N,(D,). 
The canonical character of 6, is fin, . Since I&, = $n, by the condition (ii), 
b, has the canonical character (Fin, and hence b, = bD, . 
3) Suppose now that b E &!(H, B) for some subgroup H of G. If D, 
is the defect group of b, we can apply (4A). We use the same notation as 
in (4A). Since D, is a defect group of B, the group D, is an S,-group of G 
and part 1) of the proof shows that b, = b, . Apply now the argument in 2) 
successively to the linked pairs (Di , bj) end (Di+l , bj+l) for j = m - 1, 
712 - 2,..., 1. We conclude that D, is an S,-group of D,C(D,) and that 
b, = b, . Since D, is also a defect group of b = blH and since on account 
of (ii) b: is stable in N,(D,), the lemma (2G) shows that D, is an SD-group 
of H. If R is a given S,-group of H, we have R = Dp for some o E H and 
hence 
It follows from (2.2) that 
b, = (b,,)o = blu. 
b,H = (b,“)H = blH = b. 
Thus, if 3W(H, B) is not empty, the defect group of any b E iW(H, B) is 
an S,-group R of H, we have C(R) C H and S!(H, B) consists only of 
b = bRH. 
4) It remains to show that if H is a subgroup of G, if R is an SD-group 
of H and C,(R) C H, then bRH E @‘e(H, B). Suppose that bRG = B, . We 
apply (4A) with B replaced by B, taking D, = R, b, = b, . The argument 
in 2) shows successively that Dj is an S,-group of DfC(Di) and that b, = b, 
for j = 2, 3,..., nr. Since B, = bmG has the same defect group D, as b, and 
since D,, is an S,-group of D,C(D,), there do not exist elements o E iV,(D,) 
of order p over D, which stabilize b, = b, . However, on account of the 
hypothesis (ii), b, is stable in NG(Dm). It ~0110~s that j N,(D,) : D, 1 is 
prime to p and this implies that D, is an S,-group P of G. Moreover, 
B, = bpG = B, 
i.e., b,H E &!(H, B) and the proof is complete. 
The same proof yields the following generalization. 
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PROPOSITION (4D*). Let 2? be a non-empty set of p-subgroups Q # 1 of G 
such that, with every Q E 9, all its conjugates and all p-subgroups Q1 3 Q of G 
occur in A?. Suppose that, for every Q E 22, we have an irreducible charactm 
zJo of C(Q) which is trivial on Z(Q) such that the conditions (i) and (ii) of 
Proposition (4D) are satisjied for Q E 22. DeJine b, and B as in (4D). Let H be 
a subgroup of G. If there exist block b E %?(H, B) such that the defect group R 
of b belongs to 9, then R must be an S,-group of H and b is unique, b = bRH. 
Conversely, if the Sylow p-subgroup R of H belongs to 22 and if C,(R) C H, 
then bRH E .!%(H, B). 
A special case of interest in connection with Proposition (4D) is the case 
where the conditions (i) and (ii) hold and where all #o have degree 1. Of 
course the hypothesis (i) then reads & / C(Qr) = #o, . We shall say in this 
case that the block B in Proposition 4 is Jlat. One of the reasons for our 
interest in flat blocks is the following observation. 
PROPOSITION (4E). If a block B of G contains characters h of degree 1, 
then B is $at. 
Proof. It is clear that B has full defect, i.e., the defect group of B is an 
SD-group P of G. We can set 
PC(P) = P x v 
where V is a subgroup of order prime to p. Let b be a block of PC(P) with 
bG = B. Let 0 denote the canonical character of b. It follows from [4II, (2D)] 
that we have a formula 
(4.2) 
where p is a prime ideal of a suitable algebraic number field, where A is a 
rational integer prime to p, and where T ranges over a residue system for 
N(P) mod(PC(P)). If 0 has the inertial group T in N(P), then the system 
{BT} consists of 1 N(P) : T 1 distinct characters, each occurring with the 
same multiplicity 1 T : PC(P)I. As V has order prime top, it follows from (4.2) 
that all BT 1 V are equal. Since 0 is trivial on P, all 0’ are equal, i.e., T = N(P). 
Moreover, we must have 
x 1 v = e 1 v. (4.3) 
If m is an integer divisible by 1 P 1 with m = 1 (mod 1 I’ I), then hm is trivial 
on P and 
P 1 v = x 1 v. 
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This implies that A” also belongs to B, e.g., by [21, (6F)]. If we replace h by 
Am, we see that 
A I PC(P) = 8. 
If Q f 1 is a p-subgroup of G, we set I,& = h 1 C(Q). Clearly, the condi- 
tions (i) and (ii) of (4D) are satisfied and #o(l) = 1. In the notation of (4D), 
b, = b, B = bpG, and B is indeed flat. 
COROLLARY (4F). Theprincipal block B, = B,,(G) of G isjat. Inparticular, 
Proposition (4D) holds for B, . 
This has already been shown in [31, Theorem 31; cf. also [41, (7E)]. 
If X is a character of degree 1 of G, and if we multiply the characters of B, 
with h we obtain a block which we denote by AB, . If 8 has the same signifi- 
cance for B = AB, as in the proof of (4E), then 8 is determined by (4.3). 
In particular, h belongs to B, , if and only if h is trivial on I’. Since h is trivial 
on the commutator subgroup, h then is trivial on IJG’. Conversely, each 
irreducible character of G/VG’ has degree 1 and, considered as character 
of G, it belongs to B, . Thus, B, contains exactly 1 G : VG’ 1 characters of 
degree 1. For each character X of degree 1, the block AB, then contains 
1 G : VG’ 1 characters of degree 1. Since G has 1 G : G’ 1 characters of 
degree 1, we have 
PROPOSITION (4G). If P is an S,-group of G and if PC(P) = P x V, 
exactZy I VG’ : G’ 1 blocks of G contain characters of degree 1, and each of 
these blocks contains I G : VG’ I such characters. 
COROLLARY (4H). The number of flat blocks of G is at least equal to 
[ V/G’ : G’ /. 
If p = 2 and if G is a QD-group, [I], each flat block contains conversely 
a character of degree 1. Since here B, contains only one character of degree 1, 
we have G = VG’. It is not difficult to determine the number of flat blocks 
directly and we obtain a remarkable formula for j G : G’ I. There are other 
cases where similar results hold. It seems to be a problem of considerable 
interest to find conditions under which each flat p-block of an arbitrary 
group G contains a character of degree 1. 
V. TYPES OF BLOC= 
In this section, pd > 1 will be a fixed power of p. We consider all p-blocks 
B of defect d of all finite groups. In [31], we have already introduced a 
distribution of these B into finitely many disjoint classes, the types of p-blocks 
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of defect d. We shall first discuss these types in a somewhat more precise 
form. 
As in [31], we begin with the following remark. 
PROPOSITION (5A). For given p, there exists an integral valued function 
f(d) = f,(d) of the integer d >, 0 such that for each p-block B of defect d of 
a finite group G, there exists a basic set W for B such that the corresponding 
Cartan invariants all lie below f (d). In the case of the principal block B,,(G), 
one can impose the additional condition that the constant 1 belongs to W. 
This is an immediate consequence of the finiteness of the class number of 
positive definite quadratic forms of given discriminant in a given number of 
variables, cf. [31, Theorem 71. The reduction theory of quadratic forms also 
gives explicit expressions for f (d). F or a direct approach which yields some- 
what better values, see [5]. Still another method is given in [31, p. 1651. This 
last method is often preferable, if only blocks are discussed for which the 
defect group is isomorphic to a given group. 
We next prove a lemma [31, p. 1641. 
LEMMA (5B). Let B be a p-block of defect d of some group G and let 
s = (rr, b) be a subsection associated with B. Let W be a basic set for b and let m 
denote the maximum of the corresponding Cartan invariants ccc(b) of b. Then 
the corresponding decomposition numbers d(?)(x, y) for x E B and g, E W belong 
all to a finite set of numbers M(pd, m) depending only on pd and m. 
Proof. It follows from the orthogonality relations for decomposition 
numbers that 
I d(%t, ~)l” < m (5.1) 
for all x E B and v E W. If we replace x by a p-conjugate character x’, the 
decomposition number is replaced by an algebraic conjugate, and each 
algebraic conjugate of dtn)(x, y) can be obtained in this manner. Since x’ E B, 
the algebraic conjugates satisfy again (5.1). Since the decomposition numbers 
are algebraic integers of the field of the pd-th roots of unity over Q, the result 
is now evident. 
Let B be a p-block of G with the defect group D of order pd. We discuss 
the manner in which the decomposition numbers are formed. Let 
II = {T , nz ,***, 5) (5.2) 
be a set of elements of D which represent the different conjugacy classes of 
G meeting D. If rr is a p-element of G which is not conjugate to an element 
of 17, then %V(C,(,), B) is empty, the corresponding decomposition numbers 
of B vanish and will not have to be considered. 
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It will therefore suffice to take subsections s = (ri , b) with 1 < i < r. 
This subsection is associated with B, if and only if b E %%?(C,(mJ, B). Set 
~W&i), Bl = Vi, , bi, ,..., bi,,,). (5.3) 
Let IV@,,) be a basic set for bij ; 1 < i < r, 1 < j < ni . The decomposi- 
tion numbers @1(x, 9) of B in (2.2) form a matrix YD = 3, . The row 
index x ranges over the k(B) characters x E B. The set of columns is parti- 
tioned with each part corresponding to a subsection (?T$ , b,J. In the corre- 
sponding submatrix a(~~ , b,J, the column index v ranges over the elements 
of IV@,); 
q7r. by) = (d(“‘)(x cp))’ %S I 9 , x E B, v E ~(b,j). 
Thus, a(~~ , ZQ,) has k(B) rows and &) columns. As shown by [211, (7E)], 
we have 
K(B) = i 2 t(b,,) 
i-l+=1 
and hence a is a square matrix of degree k(B); 
ID = (..., B(?rj , bjj) ,... )* 
At the same time, we form the matrix of the p-regular decomposition 
numbers of big E H(C(~i)) 
WiJ = bw CPN; 4 E bij 9 v E WQ). (5.5) 
As indicated, the characters in b,j are denoted by tj; we have here a matrix 
with k(b,) rows and l(bij) columns. 
DEFINITION 1. We say that a .p-block B of G of defect d is of given type 
for a &section sii = (wi , bcj), if the pair of matrices 
WG , b,j>, Wd 
in (5.4), (5.5), formed with regard to some basic set W(b,J for bii is given. 
No further information concerning the basis set is required. 
2. We say that B is of given type for an element ?r = rri of D, if B is of 
given type for all subsections (ri , bjj) associated with B. 
3. We say that B is of given type, if it is of given type for all elements vi 
of the system n in (5.2). 
Let B* also be a p-block of defect d of some finite group G*. On the basis 
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of part 3 of our definition, it will be fairly clear what we mean by saying that 
B and B* are of the same type. We use corresponding notation for B* as 
in (5.2) (5.3) (5.4), (5.5) for B with asterisks added. We then say that B 
and B* are of the same type if for suitable ordering of II* in (5.2), of 
9%(Cc*(rri*), B*) in (5.3) of the characters x* E B* and for suitable choice 
of the basic sets W(b$) of b$ , we have r = Y* in (5.2), ni = ni* in (5.3) and 
3(ri , b,J = a*(q*, b;), Q,(bij) = T+,*(b;) 
for 1 <i<r, I ,<j<ni. 
The following result is now fairly evident. 
PROPOSITION (5C). For given p and d, there exist only finitely many types 
of p-blocks B of defect d (for the category of all jinite groups). 
Indeed, we have r < pa. As shown in [6], k(B) < p2d and then ni < p2d, 
C(biJ < pzd. Also, all bij have defect at most d. Use only basic sets W(b,J 
for which (5A) holds. It follows from (5B) that all decomposition numbers 
belong to a finite set of values and hence we have only finitely many possi- 
bilities for the various data which occur in the preceding definition. This 
yields (5C). 
It is natural to consider only p-blocks B of defect d with a given defect 
group D and with given fusion in D. By this, we mean that we have a given 
abstract group Do and a given subset 9 of the set D, x D, , cf. [311, 
Section II]. We then consider only blocks B with defect group D such that 
we have an isomorphism L of D onto D, with the property that O, 7 E D are 
conjugate in G, if and only if (CP, +) E F. 
We could impose further conditions in our definition of types, but we 
will not go into this here. 
We shall now see what we can say about the characters x E B, if we know 
the type of B and have additional information about some of the centralizers 
C,(,J. We use the same notation as before. 
PROPOSITION (5D). Let D be a subgroup of G of order pd. Let I7 = {TV} be 
a set of representatives for the conjugacy classes of G which meet D; rri E D. Let 
IT, be a non-empty subset of II. Suppose that, for each ri E IlO , we have the 
information (i), (ii), (iii) in Section II, 6 and that for ri E I&, we know the values 
of the irreducible characters in blocks b of defect at most d of C(ni) for p-regular 
classes L of C(rr,). Let rrO be aJixed element of I& , let b be a block of C(r,) for 
which B = bG has defect group D (cf. (2H)) and suppose that we know the type 
of B with regard to each element rri E Do . We can then find the values of the 
characters x E B for the elements rrp with rr E IT,, and p-regular p E C(T). 
Proof. We apply (2H). Working with Z-,, , we can find wr, (mod p) for 
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the p-regular classes K of G, and for each rr$ E fl, , we can determine the 
set (5.3). For each bii in this set, we know the values of the I/ E bij forp-regular 
p E Co(rJ. Here 
#(PI = c 49% 91) Y(P) (5.6) 
where p ranges over the basic set II’(&). The matrix of the decomposition 
numbers occurring here is Q,f&) in (5.5) which is known according to the 
hypothesis. This is a matrix with k(bij) rows and @Q) columns. As is well 
known, the @,,)-th determinant divisor is 1. It follows that Q,(bij) has a left 
inverse 
y = (Y(% 1cIN; P E f,wJij), 16 E bij I 
and of course, such Y can be found. Then (5.6) implies that 
i.e., we can determine each 9 E W(b,) explicitly. We now apply (2.3). The 
coefficients fP(x, v) for ‘p E IY(b,,) are the coefficients of D(mi , b,J in (5.4) 
which are assumed to be given for z-~ E Lr,, and j = 1, 2,..., n, . Hence x(rip) 
can be found for p-regular p E C(nJ as we wished to show. 
Some corollaries and related results will be treated elsewhere. 
VI. VARIOUS RESULTS ON BLOCKS 
Our first result is closely related to results in [411]. A subsection (?T, b) of G 
is termed a major subsection, if 6 and bc have the same defect. 
PROPOSITION (6A). Let B be a block of G with the defect group D. Let b 
be a block of DC,(D) with bG = B and let T(b) be the inertial group of b in 
N,(D). Let R denote a set of representatives for the conjugacy classes of No(D) 
consisting of elements of the center Z(D). For rr E R, let M, denote a set of 
double coset representatives in N,(D) mod(T(b), No(D) n CG(r)); 
No(D) = U T(b) PU(N@) n C&d>. (6.1) 
WM, 
Each major subsection s associated with B is conjugate to exactly one subsection 
s,,, = (?T, W(“)) with n E R, p E M, . Each subsection s,,, is major and 
associated with B. 
Proof. If s = (rr, b) is a major subsection associated with B, the defect 
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group D, of b is conjugate to D. Replacing s by a conjugate, we may assume 
that D, = D. Then n E D, D C C(n) and hence rr E Z(D). This implies that 
DC(D) L C(n). Transforming s with a suitable element of N(D), we see 
that rr can be chosen in the set R. 
On account of (2A) applied to C(n), there exist blocks b, of DC(D) with 
bg”” = b. Since then b,G = B, (2A) applied to G shows that b, has the form 
bP with p E N(D). Thus 
b = bK(n) (6.2) 
Conversely, if b has the form (6.2) with n E R C Z(D), and p E N(D), then 
s = (n, b) is a subsection associated with B. Since b has the defect group D, 
s is a major subsection. 
We next ask when two subsections of this form are conjugate in G. Suppose 
then that m, K E R that p, o E N(D) and that there exist 6 E G for which 
(6.3) 
By definition, (6.3) is equivalent with the equations 
?+ = K, (boCh))E = f,oCk)~ (6.4) 
Hence C(n) .$ = [C(K) and on account of (2.2) the second equation (6.4) 
takes the form 
boSC(4 = buC(!d. (6.5) 
The block of C(K) on the left has the defect group Dpf = DC while the block 
on the right has the defect group Dv = D. Hence the group D* and D are 
conjugate in C(K). This implies that we can choose f in (6.3) as an element 
of N(D). Since x and K belong to R, the first Eq. (6.4) implies that rr = K. 
Hence we have 5‘ E N(D) n C(T). 
Since (6.5) now reads 
bio&Cfn) = boC(n, 
it follows from (2A) applied to C(n) that bpe and 6” are conjugate in 
N(D) n C(r) and this implies that 
(6.6) 
Conversely, if (6.6) holds, we can set 0 = ~p[ with 7 E T(b), [ E C(r) and 
this implies (6.3) with K = n. 
It is now clear that the subsections s,,, with 7~ E R, p E il& form a set of 
representatives for the conjugacy classes of major subsections associated 
with B as stated in (6A). 
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DEFINITION. If the block B of G has the defect group D, if 
b E 2E(DC(D), B) has the inertial group T(b), the index e = / T(b) : DC(D)1 
will be termed the inertial index for B. 
Clearly, e is an integer depending only on B. As shown by (2B), e is not 
divisible by p. 
We use the same notation as before. Let Y be a set of coset representatives 
for T(b) (mod DC(D)). Since N(D) normalizes DC(D), we see that for p 
and v as in (6.1), we have 
W4 &W) n C(4) = U VW(D) n C(4). 7EY 
Hence each double coset in (6.1) consists of at most e cosets of 
N(D) mod(N(D) n C(n)). Thus, 
I n/r, I < I N(D) : N(D) n C(4l < e I n/r I. (6.7) 
The index / N(D) : N(D) n C(r)1 re p resents the number of elements in the 
conjugacy class of z- in N(D). If we add over m E R, we obtain the order 
/ Z(D)/. Since the sum of the I n/r, I is the number of subsections s,,, , we 
have 
COROLLARY (6B). If B and D are as in (6A), the number n, of conjugacy 
classes of major subsections associated with B satisfies the inequality 
We can use (6B) to obtain bounds for the heights of the characters in B. 
PROPOSITION (6C). Let B be a block of defect d. If B contains characte?x 
of height h, the number n, in (6B) is at most equal to pd-h. For h > 0, we have 
n, < pd-h. 
Proof. We use the method of contributions developed in [411, 51. Let s 
range over a system of representatives for the conjugacy classes of subsections 
associated with B. If x = xi E B, let m(s) denote the contribution ml:) of x. 
By [411, (5B)], we have 
T m(s) = I. (6.9) 
Here, p+%(s) is an algebraic integer, [411, (5A), (5G)]. Consider only the 
major subsections s occurring in (6.9). Then, m(s) # 0, [411, (4C)]. Collect 
algebraically conjugate subsections in the sense of [411, 61 (with group 
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theoretically conjugate subsections identified). If for some s, we have w such 
subsections, the second argument in the proof of [411, (SI)] shows that we have 
c’ pd-hm(s) 3 w (6.10) 
where s here ranges over the algebraically conjugate subsections. It now 
follows from (6.9) that 
nB < pd-h. (6.11) 
If h > 0, m(s) for s = (1, B) is a rational integer and here [4II, (5G)] shows 
that pd-hm(s) is still divisible by p. Since here w = 1, we have inequality in 
(6.10) and hence in (6.11). This completes the proof. 
COROLLARY (6D). Let B be a block of defect d with the defect group D. 
Let p” denote the highest power of p with integral rational (Y for which pal does 
not exceed the inertial index e of B. Set j Z(D)/ = p2. If B contains characters x
of positive height h, then 
Indeed, on combining (6B) and (6C), we have (l/e)pZ < pdmh and this 
implies (6D). 
In order to find an estimate for (Y, let F denote the Frattini group of D. 
If we let T(b) C N(D) act on D/F by conjugation, we obtain a representation 
of T(b) by automorphisms of D/F. Clearly, DC(D) belongs to the kernel K. 
Since e was not divisible by p, the index 1 K : DC(D)/ is not divisible by p. 
A well known result on automorphisms of p-groups shows that every 
p-regular element of K lies in C(D). It follows that K = DC(D) and that 
T(b)/DC(D) is isomorphic with a group of automorphisms of D/F. If 
1 D : F / = p*, or as we shall say, if r is the Frattini index of D, we now see 
that e is the order of a p-regular subgroup T N T(b)/DC(D) of GL(r, p). 
In particular, e divides 
(p’ - l)(p’-1 - 1) .‘. (p - 1) < p~(~+w. 
Thus, OL < r(r + 1)/2 and we have 
COROLLARY (6D*). If in (6D) r is the Frattini index of D, we have 
h < d - z + r(r + 1)/2. 
In particular, we apply our results in the case that the block B has an 
abelian defect group D. Here, all subsections associated with B are major, 
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[41, (7C)]. Of course, x = d and Y is the rank of D. On account of (6D*), we 
have 
PROPOSITION (6E). If B is a block with an abelian defect group of rank Y, 
the height of the characters in B is less than r(r + 1)/2. 
This is an improvement of the first part of [411, (7E)]. An unnecessary 
assumption is removed and an explicit value for the bound y(r) is given which 
is much smaller than the values which can be obtained by the old method. 
Also, the second part of [411, (7E)] can now be proved using only the 
assumptions of (6E). If T has the same significance as above, then as 
T C GL(r, p) has order prime to p, there exist algebraic number fields Q, 
and subgroups 2 of GL(r, 52) with locally integral coefficients with regard 
to Y such that the residue map mod p carries 2 isomorphically onto T. 
Applying jordan’s theorem to 2, we see that there exist bounds J(r) depending 
only on r such that T has a normal abelian subgroup A of index less than J(r). 
Consider the linear group 2 in the algebraic closure of GF(p). Since A 
is abelian and of order prime to p, 2 is similar to a direct sum of constituents 
Fi of degree 1. For each i, the set of elements of Fi consists of the non-zero 
elements of a finite field GF(pt). Each of the t algebraic conjugates of Fi 
appears among the F, . It is now clear that ,?l is isomorphic to a subgroup 
of a direct product of cyclic groups of orders ptn - 1 with C ti = r. Hence 
I A [ < (P”’ - l)(pt” - 1) ..a (J+ - 1) < pr. 
This implies that 
e = I T I < prJ(r). 
For p > J(r), we have 01 .< r in (6D). We obtain: 
PROPOSITION (6F). If B and D are as in (6E), there exists a bound J(r) 
depending only on r such that for p > J(r), the characters in B have height at 
most r. 
We state some further results for the case e = 1. 
PROOPSITION (6G). Let B be a block of defect d with Abelian defect group D. 
Assume that the inertial index is 1. Then nn = pa, k(B) = pd, L(B) = 1. The 
(single) Cartan invariant is pd. The p-regular decomposition numbers are all 1 
and the pa characters in B have all the same degree as the (unique) irreducible 
modular character belonging to B. 
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Proof. It follows from (6B) that n, = pd. Now [411, (7B)] shows that 
/z(B) = pd, G(B) = 1. Since the Cartan invariant of B then is pd, e.g. by 
[21, (6C)], the p-regular decomposition numbers of B are all necessarily 1 
and this implies the last part of (6G). 
PROPOSITION (6H). Let B be us in (6G). The pd subsections (rr, be(a)) with 
n E D form a full set of representatives for the conjugacy classes of subsections 
associated with B. Each 6, = b c(n) has inertial index 1 and hence (6G) applies 
for b, . Each decomposition number of B has the form +y where 7 is a pd-th root 
of unity; (b E S%(DC(D), B)). 
Proof. We use the same notation as in (6A). 
Since T(b) = C(D), each M,, is a left residue system of N(D) 
mod(N(D) r\ C(r)). If we set rrU = pnppl for p E il& , then nU ranges over 
the conjugacy class of ?T in N(D). Since 
(s,,,)“-l = (‘rr, f+(m))‘+ = (nw , bC(Q), 
it is clear from (6A) that the subsections (‘rr, bc(“)) with r E D form a system 
of representatives for the conjugacy classes of subsections associated with B. 
It is also clear that each be(V) E 9%!(C(,)) has inertial index 1. 
Thus, if (rr, 6) is a subsection associated with B, the block b has inertial 
index 1 and (6G) holds for b. In particular, e(b) = 1. The basic set W(b) 
consists of a single element v and either v or -q~ is the unique modular 
irreducible character belonging to b. 
If x E B, the decomposition number of dcm)(x, 9) is certainly an algebraic 
integer of the field of the pd-th roots of unity over Q. We have 
1 d’*‘(x, v) dcn)(x, 9) = pa 
where x ranges over B. If U is the product of the pd terms dca)(x, y) d(z)(~, v), 
U is a rational integer since with each factor dtS)(X, v) &!cw)(x, 9’) all algebraic 
conjugates occur with the same multiplicity. As d(l)(x, 91) # 0 (e.g., by 
[411, (4C)]), we have U > 1. Now the theorem on the geometric and arith- 
metical means implies that 
Since the expression on the right is at least 1, all terms d(“)(X, 9’) d(r)(X, 9’) 
are equal and then d(“)(x, F) (tta)(x, p’) = 1. We now see that all algebraic 
conjugates of d(“)(x, v) have absolute value 1. This means that d’“)(X, v) is 
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a root of unity and since it lies in the field of the pa-th roots of unity, it has 
the form given in (6H). 
There are a number of further results on blocks with abelian defect group, 
but we shall stop here. 
VII. DEFECT GROUPS OF ORDER 4 
We shall now take p = 2. It is easy to see that there is only one type of 
2-block of defect 1. We shall determine all types of 2-blocks B of defect 2. 
The defect group D of B is either cyclic or elementary abelian of order 4. 
The former case is included in the general results of Dade [7]. It can also 
be treated on the basis of the results of Section VI. The inertial index of B is 1. 
We shall therefore concentrate on the case that D is elementary abelian. 
The four elements of D will be denoted by 
We then have the following cases for the fusion 
Case 1. The elements (Y, /?, y are conjugate in G. 
Case 2. Two of the three elements a, p, y say fi and y are conjugate in G, 
but not all three elements. 
Case 3. No two of the elements 01, p, y are conjugate in G. 
Since N(D)/C(D) is isomorphic to a subgroup of the symmetric group es , 
the inter&l index e of B divides 3. We therefore have the two cases 
Case A e = 1; 
Case B e = 3. 
In the case B, N(D) contains elements of order 3 over C(D) and this 
implies that we have case 1. 
PROPOSITION (7A). In the case A, we have four matrices 3(rri , b,J, 
cf. (5.4). Each has four rozus and one column. In each case, we use the basic set 
consisting of the unique modular irreducible character belonging to bij . We form 
a matrix D of degree 4 with these four columns taking a( 1, B) as the first 
column and the other three columns in some$xed order. Then the four characters 
,yI , x2 , x3 , x4 can be indexed in such a manner that 
(7.1) 
where 6 is a sign &l. 
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This follows easily from the results of Section VI. We have e = 1 and 
hence k(B) = pd = 4,8’(B) = 1. Al so, n, = 4 and for each subsection (x, b) 
associated with B, we have P(b) = 1. All decomposition numbers are +I ; 
the 2-regular decomposition numbers are 1. The columns are mutually 
orthogonal. Hence each column except the first one has two entries +l and 
two entries - I. We then see that if the rows are taken in a suitable order, 
3 has the form (7.1). (We shall see later that 6 = 1.) 
PROPOSITION (7B). Assumptions and notation as in (7A). Let again b be 
a bloch in H(DC(D), B). Let (I, B), (T, , b,), (v~ , b,), (r3 , b3) denote the four 
subsections corresponding to the four columns of 3. Let & denote the unique 
modular irreducible character belonging to bi . In the three cases above, we have 
the following situation for suitable arrangement. 
Case 1. TT~ = rr2 = T, = 01. Zf 01 = ,tY = yA with K, A E G, 
b, = bc’“’ b, = (bC’B’)r = bBC’a’, b, = (fjC’?d)A = f,AC’o’. 
For 2-regular p E C(a), we have 
XibP) = +Y%(P) i d&> f ?k(P). 
Case2. “l=~,~‘z=~~==.IfB=yuwithCLEG 
(7.2,) 
b, = bC(a’, b, = bc’fi’, b, = (bCCv’)u = f,uC’B’. 
For 2-regular p E C(a) and p-regular p1 E C(/3), we have 
XibP) = ++4(Ph X@PJ = +fuP1) f $3(P1)* 
Case 3. 7r1 = a, iT2 = p, 7r3 = y, 
6, c bC(a’, b, = bc’e’, b, = bC(y’. 
For 2-regular elements p E C(a), p1 E C(p), pz E C(y), we have 
(7.2,) 
X&P) = ills Xi(13Pd = +/UP,>, x~('YP~ = +~,(P,~. (7.2,) 
In each of the three formulas (7.2) the signs in front of I,$ , & , & are the three 
signs in the last three columns qf the i-th row of (7.1). 
Proof. If II has the same meaning as in (5.2), we can take IZ = (1, a} 
(Case l), II = (I, 01, /3} (Case 2), and I’I = (1, (Y, /3, r} (Case 3). As shown by 
(6H), the following subsections represent the conjugate classes of subsections 
associated with B 
(1, B), (a, bc’=‘) , (B, bc’9, (y, bc”“). (7.3) 
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In order to have a system (TV, &) with i = 1, 2,..., Y and bij as in (5.3), in 
the Case 1 we have to replace the last two subsections in (7.3) by the conjugate 
subsections (/I, bco’))” and (y, b c(y))A respectively and in the Case 2 we have 
to replace the last subsection in (7.3) by (y, bc(Y))u. The formulas (7.2) are 
special cases of (2.3). 
In order to know the type of a block, we also required a knowledge of the 
matrices (5.5). It is immediate that in our present case, each of these matrices 
has one column, four rows and all coefficients are 1. 
LEMMA (7C). If a lies in the center qf G, the sign 6 in (7.1) is +I. 
Proof. We cannot have Case 1. This implies that we have Case A and 
we can apply (7B). In particular, x1(a) = #r(l) > 0 and since (Y E Z(G) 
implies that xi(a) = *xl(l), we must have x1(~) = x1( 1). Thus, (Y belongs 
to the kernel of x1 . 
It is also clear that C@) = C(y) = C(D) and that in the Case 2 p E N(D). 
Suppose we have Case 2. Then 6, = b, b, = bu and hence 4s = 4s~. Also, 
@a E C(D) and hence b,v = b, , q&u = a+Q2. 
Since 01 belongs to the kernel of xi , we have for 2-regular pr E C(p) that 
Xl(h) =;- XlWPl) = x1(w1) = xl(P-lwlP) = x1uw9* 
Now (7.2,) implies that 
Here &(plu) = ~Q$J~~) = &(pl) and likewise &(plu) = us. Thus, 
(1 - S) zJs(pr) = (1 - 6) #a(~~). If 6 = - 1, this implies that #a = #a . Then 
b, = b, , a contradiction. Thus, S I- 1. 
If we have Case 3, by (7.2,) xl(r) = S+,(l). On the other hand, 
x1(r) = Xl(V) = Xl(B) = ?42U) > 0. 
It follows that 6 = 1, and this completes the proof of (7C). 
We now turn to the Case B. Since as remarked we have Case 1 here, we can 
take U = {I, a}. As always, we may take Mi = (1) in (6A). If N(D) = T(b) 
in (6A), we may take M, = (1). If N(D) 1 T(b), then N(D)/C(D) N 6, and 
there exists an element o in N(D) n C(a) which has order 2 over C(D). Then 
W)(W? n C(4) = N(D) 
and again, we can take M, = (1). Hence the two subsections 
(1, B), (a, bc’O’) 
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represent the conjugacy classes of subsections associated with B. Set 
b, = bC(“). Again, the results of Section 6 show that L’((b,) = 1. If & is the 
modular irreducible character belonging to b, , we can use the basic set 
IV@,) = (h}. The corresponding Cartan invariant is 4. Hence the matrix 
B(ol, b,) in (5.4) has a single column. The coefficients are rational integers, 
none of which vanishes (cf. [411, (4C)]. Since K(B) > 1, we must have 
k(B) = 4 and 
(7.4) 
where the ai are signs i 1. Denote again the characters in B with 
Xl, x2 9 x3 1 x4 * For 2-regular p E G, we have 
61X1(P) + ~,Xz(P) + 83X3(P) + 84X4(P) = 0. (7.5) 
It follows that 6,x, , a2x2 , S3x3 (restricted to 2-regular elements) can serve 
as basic set W(B). If this is done, the matrix of p-regular decomposition 
numbers of B becomes 
ID,(B) = ID,(l,B) = . (7.6) 
It follows from (7.5) for p = 1 that some of the signs Si are +l and some 
are - 1. We see that for suitable indexing of the xi , we have one of the two 
possibilities: 
(4 6, = 6, = 1, 6, = s4 = -1; 
(PI 6, = -s, = -s, = -s,. 
Since the block b, of C(a) has the inertial index 1, the results of Section 6 
show that Z&(6,) has one column, four rows and all coefficients are 1. 
This again gives us the possible types. We collect some of the results. 
PROPOSITION (7D). In the case B, we have k(B) = 4, e(B) = 3; ns = 2. 
The s&sections in (6A) are (1, B) and (oi, b,) with b, = be(O) where b is the 
unique block in S%!(DC(D), B). Then [(b,) = 1. If & is the modular irreducible 
character in b, , then {z,&} can be taken as basic set W(b,). For suitable choice of 
the basic set W(B), the decomposition numbers are given by (7.4) and (7.6) 
where the Si are signs (cf. (a), (8) above). For 2-regular p E C(U), we have 
x&f) = &lcIdf), (i = 1, 2, 3,4). 
481/17/4-S 
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We shall now apply 3111 [2A] in the various cases. Suppose first that we 
have Case 1. We then take yi = ys = 01, e = C(a) in [3111, (2A)] and use 
the column of decomposition numbers corresponding to the block b, of G. 
This block has the defect group D and we have an analogous result as for B. 
We use the same notation for b, as for B with asterisks added. For instance, 
the irreducible characters of b, will be denoted by x1*, x2*,... . Since we 
cannot have Case 1 in e, we will have Case A for b, . By (7C), 6* = 1. 
Since b, = b,* = bc(@), we have &* = J,$. On the other hand, C(/3) n C? = 
C(y) n e = C(D). Hence 6, * = b. If we have Case 2 for 6, then b,* = bU 
and here p E C(D) n C(a). It is also clear that I,&* = 0, I&* = 8~ where 8 
is the canonical character in 6. If we have Case 3 for b, , we have 6, = b, = b, 
I#&#* = $h3* = 8. 
Set xi(l) = xi , I/Q(~) =fi , e(l) = t. The equation of [3111, (2A)] reads 
g t dixi(a)2/~i = 1 C(a)/” i di*hi2/x,* 
i=l i=l 
(7.7) 
where the di are the four coefficients of the column a((~, b,), where the di* 
have the analogous significance when B is replaced by b, and where the hi 
are formed as in [3111, (2.6)]. If we have Case 2 for b, , we have 
(4 hi = xi*64 I C(cW + xi*(B) I CW-‘- 
If we have Case 3 for 6, we have 
(b) hi = xi*64 I CkW + xi*(P) I W)l-’ + xi*(r) I CWI-‘. 
The values of xi*(~), xi*@), xi*(r) can be obtained from (7B) applied to b, 
instead of B. Since 6* = 1, and since $s*(l) = IJ~*(L) = t, we find in both 
cases 
h, = .fi I C(W + 2t I WW1, h, =fi / C(a)/-’ - 2t 1 C(D)l-l, 
h, = h, = -fi I C(a)1 -l. 
We also see that dl* = d,* = 1, d3* = d4* = -1. The four degrees xi* 
are all equal to #i(l) =,fi . Hence the right side of (7.7) has the value 
8 1 C(a)13 ( C(D)/-“Pf;“. 
In evaluating the left side, we separate the Cases A and B. If we have 
Case A, it follows from (6G) that the four degrees xi are all equal; we set 
xi=x.By(7B),wehaved,=d,=l,ds=d,=-1 
x1(4 = fl + A? + % ! X3(“) =f1 -f2 - Sf3 
x3(4 = -f1 +fi - Sf3 9 x3(4 = -f1 -fz. + Sf3 
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and we see that the left side of (7.7) is equal to Sgx-lSf2f3 . The resulting 
equation shows that we must have S = 1 and that 
g = I CM3 * I C(D)V t2(fif2f&‘x* (7.8) 
If we have Case B for B, we apply (7D). Here di = Si , xi(a) = Sfi . By 
(7.5) for p = 1, we have 
An elementary computation shows that the left side of (7.7) is equal to 
gf,V,x, + S,x,)(S,x, + %x,)(%x, + S1xP)(x1x2x3xP. 
Again, we obtain a formula for g. 
It remains to discuss the Cases 2 and 3 for B. We then have necessarily 
Case A. Again, we apply [3111, (2A)]. In the Case 2, we take yr = y2 = 8. 
In the Case 3, we take yr = /J, y2 = y. In both cases, we choose G = C(a) 
and use the column of decomposition numbers corresponding to (oi, b,). 
The computation shows that the result is the same as in (7.8) if we replace 
the factor / C(01)j3 by / C(a)1 . I C(j3)/ . / C(y)1 (which is equal to 1 C(01)13 in 
the Case 1). Also, 6 = 1. 
We now have 
PROPOSITION (7E). Let B be a block with an elementary Abelian defect 
group D of order 4. Choose b E sQC(D), B). Let t be the degree of the canonical 
character in 6. If a, ,9, y are the involutions in D, let fi , f2 , f3 respectively denote 
the degrees of the characters in bcca), be(B), bCcY). 
(,4) If B has inertial index 1, then B consists of four characters of the 
same degree x and 
g = I WI I W)l I WI 2. 
I W’)12 fifif2 
The sign 6 in (7B) is 1. 
(B) If B has inertial index 3, if x1 , x2 , xg , x respectively are the degrees 4 
of the four characters in B, there exist signs 6, , 6, , 6, , 6, such that 
I WI” t2 
g = * mc(o)lz (&xl + s1x2)(s3~T-T~x2)(s4x1 + 6,x,) * 
We have 
%x1 +62x2 + k, + s,x* = 0. (7.9) 
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As already remarked, the last relation implies that, for suitable indexing 
of the characters in B we have one of the two possibilities 
(4 6, = 6, = 1, s, = 6, = -1; Xl + x2 = x3 + x4 
(B) 6, = -s, = -s, = -s, ; x1 = x2 + x3 + x4 * 
Since the denominator in the formula for g must be positive, we can choose 
the indexing in the Case (cr), such that xi > x3 , x1 > x4 and then x2 < x3 , 
x2 < x4 . In the Case (/3) we have 6, = - 1. 
In the Case B, the blocks bCca), bcc6), be(y) are conjugate and hence 
f~ = h = h . Replacing fi3 by fifif3 and I CC4” by I +)I I C(P)1 I W in 
the formula for g, we obtain a formula which also holds in the Case A, if we 
take here 6, = 6, = 6, = 6, = 1, x = xi = x2 = x3 = x4 . Of course, then 
(7.9) does not hold in the Case A. 
VIII. CONTRAGREDIENT BLOCKS 
If X is an ordinary representation with the character x, the contragredient 
representation has the conjugate complex character 17. A similar remark 
applies to modular representation. We see at once that if B is a block, and 
if x ranges over B, then 2 ranges over a block which we call the contragredient 
block B. The modular irreducible characters belonging to B are the conjugate 
complex characters 0 of the modular irreducible characters v belonging to B. 
We say that a block B is real, if B = B. These are the only blocks which 
can contain real-valued characters. The principal block is real. 
PROPOSITION (8A). For p = 2, the only real block of full defect is the 
principal block. 
Proof. Let P be an S,-group of G. We then have 
PC(P) = P x v (8.1) 
where I’ is a group of odd order. Let B be a block of full defect. Then P 
is a defect group of B and there exist blocks b E 9%(PC(P), B). The canonical 
character 0 of b is an irreducible character of I’. If 0 is the principal character 
of V, then 6 is the principal block of PC(P) and B = bG is the principal 
block of G. If this is not so, 0 # 8. Then 8 is the canonical character of 6 and 
bG=B.IfwehadB=B,thenband6 would have to be conjugate in N(P), 
say 6 = bA with h E N(P). This implies 0 = 8” and it follows that h2 but not h 
stabilizes 0. However this is impossible since I N(P) : PC(P)1 is odd. Thus 
B # i?. 
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COROLLARY (8B). All real valued irreducible characters of odd degree lie 
in the principal 2-block. If the S, group P of G has order 2”, there exist at most 
22m such characters. 
For the last part, cf. [6]. As has been shown by A. Speiser, the real valued 
irreducible characters of odd degree have the remarkable property that their 
Schur index is 1. 
The result (8B) can sometimes be used, if G has an abelian SD-group P 
for some odd primep such that 1 N(P) : C(P)1 = 2 and that for n E P, T # 1, 
the centralizer of n in N(P) is C(P). It follows from [3111, (9B)] that the 
principalp-block of G contains real characters x f 1 of odd degree and then x 
belongs to the principal 2-block of G. If there do not exist involutions in G 
which invert n, then the involutions in G generate a normal subgroup of G 
of order prime to p of [3III, (SC)]. If there exist involutions J in G which 
invert r and if we have sufficient information concerning the principal 
2-block of G, we know x(1) and x(J) and [3111, (SC)] yields a remarkable 
formula for the value of g. This method plays a role in the discussion of 
QD-groups, [ 11. 
PROPOSITION 8C. Let p be an odd prime dividing g. Assume that x,, = 1 
is the only real valued irreducible character of odd degree in the principal p-block 
B, . If a is a p-singular element of G, there exist characters x of odd degree 
in B, , for which x(u) is non-real. 
Proof. Suppose that (T is a p-singular element of G. Then by [211, (7C)], 
xg X(1)X(U) = 0. 
0 
Since for x = x0 , we have the term I, characters x # x0 of odd degree occur 
in B,. By assumption, these x are all non real and it follows that there must 
exist such x for which x(u) + z(u) is not divisible by 2. This implies 
x(o) # x(o). Then o and 0-l cannot be conjugate in G. Thus, 
COROLLARY 8D. Assumptions as in (8C). No p-element T # 1 of G is 
conjugate to its inverse. 
There is a result similar to (8A) for odd p. 
PROPOSITION (8E). Assume that p is odd and that B is a p-block which is 
equal to its contragredient block. Let D be the defect group. If B is not the 
principal block, then 1 N(D)1 is even. 
Proof. Choose again b E~%(DC(D, B)). Let 13 denote the canonical 
character in B. If B = B, then 6’ and 8 must be conjugate in N(D). If 0 = 1, 
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then b is the principal block of DC(D) and bC is the principal block of G. 
If B + 1 and if 0 = 8, then 1 DC(D)1 is even. If 0 # 8, then j N(D) : DC(D)] 
is even. In either case, 1 N(D)/ is even. 
COROLLARY (8F). Let p be an odd prime and assume that no p-subgroup 
Q # 1 of G has a normalizer of even order. Then all real-valued irreducible 
characters of G either lie in the principal p-block or they have defect 0 for p. 
We mention another result which is obtained by a similar method. 
PROPOSITION (SG). Let B denote a p-block of G with the defect group D. 
Let b E gt?(DC(D), B) and let 6’ denote the canonical character in b. Let G denote 
the field of the g-th roots of unity over Q, let Q(e) denote the subfield obtained 
by adjunction of the values of 8 to Q and let P denote the Galois group G(G/Q(e)). 
If x E B has the stabilizer P, in P, then 
Proof. If 7 E r, then 0y = 8 and this implies by = b, By = B. Hence 
XY E B. Hence we have ( r : r, 1 distinct characters in B. Now the statement 
is immediate from the result of [6]. 
COROLLARY (SH). Let B denote a p-block of G with the defect group D. 
Let r be a prime which divides g but does not divide 1 C(D)/. Let R of order ra 
denote an &-group of G. [f a character x E B is faithful on R, then 
o1 < x(D) I D I2 + x(l) I D I2 + x(l) I D I2 + .... 
4 r-l 1 [ r(r - 1) 1 [ r2(r - 1) 1 
Proof. Let 0 have the same significance as in (8G). Let 8 denote the sum 
of the characters algebraically conjugate to x over Q(6). On account of @G), 
we have 
W) < x(l) I D 12. 
It follows from the hypothesis that B I R is a faithful character of R which 
takes only rational values. Now the statement follows from a well known 
theorem of Schur [9]. 
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